The Schrödinger equation was solved very accurately for helium atom and its isoelectronic ions ͑Z =1-10͒ with the free iterative complement interaction ͑ICI͒ method followed by the variational principle. We obtained highly accurate wave functions and energies of helium atom and its isoelectronic ions. We examined several types of scaling function g and initial function 0 of the free ICI method. The performance was good when logarithm functions were used in the initial function because the logarithm function is physically essential for three-particle collision area. The best performance was obtained when we introduce a new logarithm function containing not only r 1 and r 2 but also r 12 in the same logarithm function.
The Schrödinger equation was solved very accurately for helium atom and its isoelectronic ions ͑Z =1-10͒ with the free iterative complement interaction ͑ICI͒ method followed by the variational principle. We obtained highly accurate wave functions and energies of helium atom and its isoelectronic ions. For helium, the calculated energy was −2.903 724 377 034 119 598 311 159 245 194 404 446 696 905 37 a.u., correct over 40 digit accuracy, and for H − , it was −0.527 751 016 544 377 196 590 814 566 747 511 383 045 02 a.u. These results prove numerically that with the free ICI method, we can calculate the solutions of the Schrödinger equation as accurately as one desires. We examined several types of scaling function g and initial function 0 of the free ICI method. The performance was good when logarithm functions were used in the initial function because the logarithm function is physically essential for three-particle collision area. The best performance was obtained when we introduce a new logarithm function containing not only r 1 and r 2 but also r 12 
I. INTRODUCTION
As Dirac noted, the Schrödinger equation ͑SE͒ describes accurately the electronic structures of atomic and molecular systems. 1 Hydrogen atom was a brilliant example of the accurate nature of the SE. Next was helium atom and therefore immediately after the SE was born, Hylleraas 2 applied it to helium atom and published a very important result, which was very accurate, though it was still far from exact. Since then, many people tried to accurately solve the SE of helium atom, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] since solving the SE of helium atom might give us a simple but important insight in formulating the exact solutions of the SE for more general systems. This stream of studies may be called an explicitly correlated wave function theory.
Hylleraas considered intuitively that the wave function of helium atom should be expressed to a good approximation as ͚ c ͑l,m,n͒ s l t m u n exp͑− ␣s͒, ͑1͒
where ͕s , t , u͖ is a coordinate system defined by s = r 1 + r 2 , t = r 1 − r 2 , ͑2͒ u = r 12 , which is valid for the S state of helium atom. ͕l , m , n͖ is a set of integers and c ͑l,m,n͒ is a coefficient to be determined by variational principle. This expansion of the wave function was called Hylleraas expansion. He introduced interelectron distance u ͑=r 12 ͒ explicitly in the wave function, which was an origin of his remarkably good result in contrast to the results of the orbital-based theory. After Hylleraas's pioneering work, the analytical wave functions including r 12 explicitly in many different ways have been studied. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Table I is a brief summary of the history of accurate calculations of the ground state of helium atom.
In the original Hylleraas expansion, the integer set was limited to be all non-negative. Kinoshita 6 found that, when ͕l , n͖ in Eq. ͑1͒ were permitted to be negative, significantly improved results could be obtained. Thakkar and Koga 8 extended even to half-integers and obtained quite excellent results.
Bartlett, Jr., 3 Gronwall, 4 Fock, 5 and others 7, 18 clarified some insufficiency in the Hylleraas function as compared to the exact wave function. They argued that the Hylleraas function was adequate for the description of two-particle cusp conditions 16 but insufficient for the three-particle coalescence region. They suggested that including logarithm singularity in the wave function would be important for this region. Frankowski where l runs all integers and ͕m , n͖, ͕i , j͖ are non-negative integers. The original logarithm form suggested by Bartlett, Gronwall, and Fock contained the ͑ln͓͑s 2 + t 2 ͒ 1/2 ͔͒ j term, [3] [4] [5] but they modified it to simpler ln s form for numerically stable calculations. Then, the ground-state energy of the hea͒ Author to whom correspondence should be addressed. Electronic mail: h.nakatsuji@qcri.or.jp lium atom was greatly improved, reflecting the improvement in the three-particle coalescence region. Recently, since computer technology has been much advanced, extensively high-level calculations have become possible. The calculations using a large number of orthogonal polynomial basis functions were reported by Goldman. 9 Drake et al. 10 where j is 0 or 1 and ͕l , m , n͖ run non-negative integers. This form was easier to calculate than that including the ͑s 2 + t 2 ͒ term introduced by Frankowski and Pekeris. The negativeinteger powers of s are also different from those of Kinoshita, which was ͑t / u͒ m instead of ͑t / s͒ m . His idea was different from Kinoshita's original one and led to an easier calculation. Schwartz had been able to obtain a surprisingly accurate result, which was certainly a milestone in the history of solving the SE of atoms and molecules. Actually, his study has become a very good reference in our present study.
Making a bird's-eye view of the history of solving the SE of helium atom, we noticed that a critical advancement was made when basic physical insight was realized in the calculations. Though these intuitions were incredibly valuable, it was difficult to generalize them for solving the SE of general atoms and molecules. The SE was believed not to be soluble for more than 80 years since its birth, and there was no general theory leading to the exact solution of the SE.
Recently, we have formulated a general theory of solving the SE of atoms and molecules. [19] [20] [21] [22] [23] [24] [25] We started from analyzing the structure of the exact wave function and proposed the iterative complement ͑or configuration͒ interaction ͑ICI͒ method that is guaranteed to converge to the exact wave function. 19 The singularity difficulty that is the problem caused by the divergence of the integrals of higher powers of Hamiltonian was solved by introducing the scaled Schrödinger equation ͑SSE͒. 20 The free ICI method 20 was also introduced at the same time. It is a flexible method and is more rapidly converging than the original ICI method. We will briefly explain the free ICI method in the next section. We note that the ICI methodology is useful not only for solving the nonrelativistic SE ͑Refs. 21-23 and 25͒ but also for solving the relativistic Dirac-Coulomb equation 24 of atoms and molecules.
The purpose of this article is to give benchmark calculations of helium and its isoelectronic atoms to see how accurately the free ICI method works for solving the SE. Because of the existence of the accumulated history of the accurate calculations of helium atom as overviewed above, we can formulate our free ICI calculations effectively and examine the accuracy of our results in great detail.
Our basic Hamiltonian is a fixed-nucleus BornOppenheimer one, so that the corresponding energy correct up to 36 decimal figures may be unnecessary because other physical effects such as nuclear motion, relativistic effect, fine and hyperfine structural effects, etc., are more important than these decimal figures of the energy. The test we want to pursue in this paper is how accurately and effectively the free ICI method solves the SE whose Hamiltonian is fixed, in this case, to the Born-Oppenheimer nonrelativistic one. When we modify our basic Hamiltonian to include other effects, the free ICI method will give the solution corresponding to that Hamiltonian. In the free ICI methodology, the Hamiltonian paves his own way to generate his own wave function. Of course, we may use the present wave function as an accurate zeroth order wave function when we deal with these effects by perturbation method.
II. FORMULATION
We want to solve the SE for the ground state of helium and its isoelectronic atoms by using the free ICI method. The nucleus is treated as fixed at the origin of the coordinate and we consider the motions of two electrons attracted by the 
In Eqs. ͑5͒ and ͑6͒, the Coulomb potential is
where V Ne and V ee represent the nuclear attraction potential and electron repulsion term, respectively, and Z is the nuclear charge. The other terms in Eqs. ͑5͒ and ͑6͒ are from the kinetic operator. Next, we briefly explain the ICI methodology. [19] [20] [21] As seen from Eq. ͑7͒, the Hamiltonian of atoms and molecules includes Coulomb singularities at two-particle coalescence. For this singularity, the integrals of higher powers of Hamiltonian diverge. 20 The ICI theory based on the normal SE includes such higher powers of the Hamiltonian, and therefore has a difficulty. To avoid such difficulty, we introduced the SSE given by
where g is a scaling function that is totally symmetric and positive everywhere except at the singular points r 0 , but even there, it should satisfy
with a being a nonzero constant to not eliminate the information of the Hamiltonian at the singular points. The ICI wave function based on the SSE is defined by
which is guaranteed to converge to the exact solution as iteration proceeds without encountering the singularity problem for the existence of the g function. The above function includes only one variational parameter C n for each iteration cycle, so we call it the simplest ICI ͑SICI͒ wave function. We introduce here the free ICI method. 20 We collect all linearly independent functions ͕ i ͑n͒ ͖, i =1,2, ... , M n from the right-hand side of Eq. ͑10͒ and give an independent coefficient to each as
In the above formulation, all the functions ͕ i ͑n͒ ͖ were generated by the SICI operators of Eq. ͑10͒ and assigned free variational coefficients, so that the free ICI converges faster that the original SICI. In the present calculations, the coefficients ͕c i ͑n͒ ͖ are determined with the variational principle. In the free ICI method, the calculations at n + 1 do not refer to the coefficients ͕c i ͑n͒ ͖ at n, so that we may call n as order instead of iteration number.
The exact electronic wave function must satisfy the antisymmetric condition and spin and spatial symmetries. When we start from some initial function 0 that satisfies these symmetry conditions, the ICI and free ICI methods retain their symmetry throughout the calculations since the Hamiltonian and g function are totally symmetric. For the present two-electron atoms, the spatial and spin parts are completely separable. Since the ground state of helium atom is singlet, the spatial part must be symmetric to the permutation of two electrons.
III. DETAILS OF CALCULATIONS
In the free ICI method, we have two freedoms: one is the g function and the other is the initial function 0 . We have examined several sets of g and 0 to investigate the nature of the functions the free ICI method generates and the convergent behavior to the exact solution.
First, let us discuss on the choice of the g function. Since the role of the g function is to eliminate the singularities due to the Coulomb potential, it should have an inverse order of the Coulomb potential at the singular points. So, the first choice may be
where the sign of V Ne was inverted to make the g function positive everywhere except at the singular points. However, this g function generates complicated functions and the integrations may become difficult.
In the next choice, we first separate V into V Ne and V ee , take the inverse of each, and then take a product or a sum as
The sum formula g S 1 generates more flexible complement functions than the product formula g P 1 since the product formula g P 1 does not strictly satisfy the condition of Eq. ͑9͒ for the individual singular point ͑a can become zero͒. We have further examined the following g function:
which includes a nonscaling factor of unity. Since generally the Hamiltonian includes singular and nonsingular parts, it is recommended to take the form of Eq. ͑15͒ rather than that of Eq. ͑14͒. When we include unity in the g function, the free ICI generates not only regular but also singular functions as bases for the wave function, but the singular one must be eliminated since the wave function must be integrable finite.
When we did so, we found that both Eqs. ͑14͒ and ͑15͒ give almost the same results in the present calculations and, therefore, we did not use Eq. ͑15͒ in the present nonrelativistic calculations. However, we note that the unity in the g function is important for solving the relativistic Dirac-Coulomb equation because this term works to keep the balancing condition ͑ICI balance͒ between the large and small components. 24 Another simple choice in the line of the argument above would be
Again, the product form g P 2 is not recommended because it does not strictly satisfy the requirement given by Eq. ͑9͒. The unity in Eq. ͑18͒ was also not important and so we did not use Eq. ͑18͒. When these g functions are used, the generated complement functions generally have a simpler form than those obtained using Eqs. ͑14͒ and ͑15͒, so that this choice would be suitable for many-electron systems. However, in the ͕s , t , u͖ coordinate system of the helium atom, the generated functions using Eqs. ͑13͒-͑15͒ are also simple and do not cause any difficulty at all. In the next section, we will see the different performance of the g functions given above.
Next is the choice of the initial function 0 , which is very important since the functional form of the ICI complement functions is mostly determined by that of 0 . We can generally expect that the 0 chosen cleverly on the physical grounds shows good performance in convergence. 25 For helium, the simplest choice of 0 would be a product of the atomic orbitals of two electrons, 0 nor = exp͓− ␣͑r 1 + r 2 ͔͒ = exp͑− ␣s͒. ͑19͒
We call this initial function "normal type." The orbital exponent ␣ may be treated as a nonlinear variational parameter, though this is not strictly necessary. The variational groundstate energy for this initial function is well known to be −2.847 656 245 a.u., and the optimized ␣ is 27/ 16= 1.6875. Let us consider some necessary conditions that the exact wave function must satisfy. A major concern would be nuclear-electron and electron-electron cusp conditions since the electronic structure near the nucleus sensitively affects the energy of the atom. Though these properties are already taken into account in Eq. ͑19͒ in a variational sense as the iteration proceeds, we may introduce a more flexible form. A choice would be half-integer functions of s and u. When we do not include a half-integer at the beginning in 0 , such functions are never generated in the ICI formalism. If such types of functions are important, they are expressed in the free ICI formalism by the sum of the integer-type functions. For rapid convergence, it is clever to introduce such functions in the initial function. An inclusion of the half-integer functions, together with the integer ones, would obviously make the descriptions more flexible especially in the particle-coalescence region. Recently, Thakkar and Koga 14 reported such calculations and even introduced the functions of real number powers of s and u coordinates, showing an excellent convergence. We examine here the following two "half-integer-type" initial functions:
As discussed by Bartlett, Gronwall, and Fock, 3-5 the three-particle collision effects may become important for very high-precision calculations aimed in this study. This effect is brought about effectively with the logarithmic mild singularity. Among the several logarithm functions proposed. [3] [4] [5] 7, 15 Frankowski and Pekeris 7 introduced ln s as a numerically stable form. Schwartz 15 also reported extensive numerical calculations using ln s. So, we first use this logarithm function as 0 log 1 = ͑1 + ln s͒exp͑− ␣s͒. ͑22͒
In the three-particle collision area, all of the interparticle distances ͕r 1 , r 2 , r 12 ͖ become 0. However, the above logarithm function does not explicitly contain the electronelectron distance r 12 = u. Certainly, the Coulomb potential between electron and nucleus is attractive, while the electronelectron potential is repulsive, so that the coordinates, ͕r 1 , r 2 ͖ and r 12 may have different effects. The logarithm functions related to ͕r 1 , r 2 ͖ had been suggested by several authors [3] [4] [5] 7, 15 but there had been no calculations with the logarithm functions explicitly including r 12 . In the present paper, we examine for the first time the logarithm functions containing the r 12 coordinate. So, our second logarithm initial function includes ln u in addition to ln s as To improve this problem, we propose the following "new logarithm" function for the initial function:
where the parameter ␤ was introduced as another nonlinear parameter, reflecting the difference between the electron nuclear potential and the electron-electron potential. This function includes both ͕r 1 , r 2 ͖ and r 12 in the same logarithm.
In the Hamiltonian, the Coulomb potentials of all interparticle coordinates ͕r 1 , r 2 , r 12 ͖ are proportional to 1 / r in the same manner, so that these three distances should be treated in the same way in the logarithm functions, which suggests ␤ = 1. Further, when ␤ Ͼ −1, this function never becomes singular at any configuration except for the three-particle collision point where s = 0 and u = 0. It never conflicts with the two-electron cusp condition. If necessary, we can make r 12 scaled to be suitable for the system by the parameter ␤, but ␤ 0 since it leads to 0 log 1 with ␤ =0. We performed calculations with some combinations of g and 0 . There, the functions having negative integers on the u coordinate were eliminated because they never satisfy the two-electron cusp condition. The analytical formulations for calculating the integrals over the complement functions are given in the Appendix, especially for the logarithm functions.
The calculations have been performed with our original program, which consists of three steps. In the first step, we generate the free ICI complement functions by using Eqs. ͑10͒ and ͑11͒ the second step creates the Hamiltonian and overlap matrices by doing analytical integrations over the complement functions, and the final step is the diagonalization. The first and second steps were formulated with the mathematical arithmetic software MAPLE. 26 For the final step, we formulated our own original eigenvalue solver for arbitrary precision with the GNU multiple precision 27 ͑GMP͒ arithmetic library. Since the calculations must be performed in very high accuracy, we used MAPLE and GMP with 120-decimal-figure accuracy for the calculations less than 10 000 dimensions and with 160-decimal-figure accuracy for more than 10 000 dimensions.
IV. RESULTS

A. Comparison of g functions with normal-type initial function
First, we examined the convergence behavior using different types of g functions combined with the simplest normal-type initial function given by Eq. ͑19͒. In the calculations with g P 1 and g S 1 , the ͕s , t , u͖ coordinate was used and the free ICI wave functions generated have the common form as given by
where c i is the variational parameter. For singlet state, m i must be even integers. The integer sets ͕l i , m i , n i ͖ are different for g P 1 and g S 1 .
With g S 1 , the complement functions with negative powers of s are generated. l i runs all integers while ͕m i , n i ͖ run non-negative integers. On the other hand, with g P 1 , these negative powers were not generated. The importance of the negative powers of s was first shown by Kinoshita, 6 who reported that, by inclusion of negative powers of s into the basis functions, the calculated energies were considerably improved. In the present ICI method, such functions are automatically generated if g S 1 is used. In the calculations with g P 2 and g S 2 , the ͕r 1 , r 2 , r 12 ͖ coordinates were used. The free ICI wave functions are written commonly to g P 2 and g S 2 as
where ͕l i , m i , n i ͖ run non-negative integers. The index sets of ͕l i , m i , n i ͖ are also different for g P 2 and g S 2 . Table II shows the calculated energies obtained with these four g functions at different iterations or orders n, M n being the number of complement functions at n. The nonlinear parameter ␣ was variationally optimized at each iteration and given in the table, where the value in parentheses is a guess optimal value, which was not strictly optimized. The calculations were stopped when M n exceeds 1000. In all cases, the energy approaches the best value from above and the so-called chemical accuracy, i.e., millihartree accuracy, is achieved quite quickly already at the second iteration with M n = 10-30. With about M n = 70, the energies are correct to microhartees ͑six or seven decimal figures͒ except for g P 2 .
We can obtain chemical and spectroscopic accuracies in energy at a few iteration or order with the free ICI method.
Between the product-type and sum-type g functions, the latter gives slightly better convergent behavior. The complement functions with sum type contain all the complement functions with product type if n is large enough. As stated in Sec. III, the sum type is theoretically better than the product type. Comparing the energies with g S 1 and g S 2 ͑both are sum type͒, the former showed slightly better convergence than the latter, but the difference is small. For the present system, the ͕s , t , u͖ coordinate is convenient to treat both differentiations and integrations and the symmetry of electron permutation is contained from their definition. So, we hereafter use the ͕s , t , u͖ coordinate.
B. Comparison of the initial functions: Half-integer and logarithm types
Next we examine different initial functions using g S 1 commonly in the ͕s , t , u͖ coordinate. As shown above, the normal-type initial function 0 nor showed good performance for getting chemical and even spectroscopic accuracies for any g function. The speed of convergence, however, became slow from beyond approximately ten-decimal-figure accuracy, indicating that the functions generated from 0 nor alone could not efficiently describe the three-particle coalescence region, though with much iteration, such mild singularities should also be described. To overcome such problem, we may add in 0 some functions that generate more flexible complement functions.
We examined then the initial functions including halfinteger functions 0 half 1 and 0 half 2 of Eqs. ͑20͒ and ͑21͒. The free ICI wave functions generated from these initial functions are
where m i runs even integers for singlet. From 0 half 1 , n i is non-negative integers and l i runs all integers and halfintegers. From 0 half 2 , both l i and n i run integers and halfintegers and n i is non-negative. Table III shows the energies calculated from the half-integer-type initial functions. We stopped the calculations when M n exceeded 4000. The convergent behavior to the exact solution was greatly improved over the case of 0 nor shown in Table II . For example, compared to the energy with g S 1 at n =12 ͑M n = 1171͒ in Table II ͑−2.903 724 377 00 a.u., ten-decimal-figure accuracy͒, the energy with 0 half 1 in Table III already exceeds this accuracy ͑−2.903 724 377 01 a.u.͒ at n =6 ͑M n = 386͒, and with 0 half 2 , the energy is −2.903 724 377 03 a.u. already at n =4 ͑M n = 217͒. The function 0 half 2 , showed better performance than 0 half 1 . The speed of convergence did not slow down even when exceeding M n = 1000, but it slowed down around M n = 3000-4000. As shown by Thakkar and Koga, 14 the functions with the powers of other fractional numbers and even of real numbers may greatly improve the convergence. These kinds of functions may be understood as introducing mild negative-power terms of s and u, like s In contrast to the half-integer types, the logarithm function has a definite physics of adequately describing three- Number of basis functions at order n.
224104-6 H. Nakashima and H. Nakatsuji J. Chem. Phys. 127, 224104 ͑2007͒ particle collision area. [3] [4] [5] 7, 18 We examined first the initial functions 0 log 1 and 0 log 2 given by Eqs. ͑22͒ and ͑23͒. The generated free ICI wave function has the form given by
where l i runs all integers and ͕m i , n i ͖ run non-negative integers ͑m i only even integers͒. From 0 log 1 , j i is 0 or 1 and k i is 0. From 0 log 2 , both j i and k i are 0 or 1. Table IV shows the results ͑the calculations were stopped at M n of around 10 000͒. The convergent behavior was further improved in both cases of 0 log 1 and 0 log 2 , compared with the halfinteger types. Moreover, the speed of convergence did not slow down even at M n beyond 5000. When we compare 0 log 1 with 0 log 2 , the results with 0 log 2 always show better performance than those with 0 log 1 until M n = ϳ 10 000. However, the speed of convergence with 0 log 2 became slightly slower near M n = ϳ 10 000. On the other hand, it was not so with 0 log 1 . The free ICI complement functions generated from 0 log 1 resemble the basis functions of Schwartz 15 
C. New logarithm-type initial function
Finally, we examine our new logarithm initial function 0 new log given by Eq. ͑24͒, which was introduced to improve a flaw of 0 log 2 . The free ICI wave function generated from 0 new log is expressed as
where l i runs all integers, ͕m i , n i ͖ run non-negative integers ͑m i is even integers͒, and j i is 0 or 1. Table V shows the calculated energies with the initial function 0 new log up to n =27 ͑M n = 22 709͒. In the calculations summarized in Table  V , the parameter ␤ was fixed to ␤ = 1. Although ␤ may be one of the variational parameters, its optimal value became small as iteration proceeded and moreover, ␤ did not influence much the accuracy at large iteration numbers, except for the special case of ␤ = 0, in which case, i.e., 0 log 1 , the results are already shown in Table IV .
As shown in The ICI wave function starting from the new initial function including logarithm function ln͑s + ␤u͒ is adapted to satisfy both the two-and three-particle cusp conditions that the exact SE demands. Schwartz also adopted the logarithm function and improved Kinoshita's wave function by introducing ͑t / s͒ m instead of ͑t / u͒ m ͑original Kinoshita type͒. Number of basis functions at order n.
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͑t / u͒ m brought a discontinuity ͑singularity͒ of the twoelectron collision area into the wave function but ͑t / s͒ m did not. Schwartz's wave function also has good natures for the two-and three-particle cusp conditions, but is limited to the logarithm function of the form of ln s. This is why the most rapid convergence was realized by using the new logarithm initial function 0 new log .
D. Convergence behaviors with different functions
Here, we summarize the convergence behaviors of the different functions given above. Figure 1 shows the energy convergence behaviors of the ICI wave functions calculated from several different initial functions, i.e., normal type, half-integer type, logarithm type, and new logarithm type, given by Eqs. ͑19͒-͑24͒. The g function used was commonly g S 1 of Eq. ͑14͒. Figure 1 is the plots of the following ⌬:
against the number of the complement functions at different orders ͑iterations͒ of the different free ICI calculations. In the above equation, E is the energy at that stage and E 0 is the best energy correct at least to 40 digits obtained with the initial function 0 new log at iteration 27 ͑dimension of 22 709͒.
So, ⌬ represents the number of the correct digits of the calculated energy. As Fig. 1 shows, all calculations monotonically converge to the exact energy from above. For getting chemical and spectroscopic accuracies ͑⌬ =3-6͒, any choice of 0 is okay. The convergence of the free ICI is quite nice. However, when one desires much higher accuracy, the speed of the convergence is quite different, depending on the choice of 0 . The performance with the normal type 0 is good until 1000 dimensions but becomes very slow after then. The halfinteger type is successful in improving the convergence behavior. However, it also slows down after 3000 or 4000 dimensions, indicating that the half-integer-type initial function is also unsatisfactory for quite accurate calculations. The performance of the free ICI in this highly accurate region is greatly improved by using the logarithm-type initial function. This is clearly due to the effective correct description of the wave function in the three-particle coalescence region.
In the present article, we introduced the logarithm initial functions 0 log 2 and 0 new log including both s = r 1 + r 2 and u = r 12 . Both calculations with 0 log 2 and 0 new log showed quite good performance but the convergence speed with 0 log 2 slowed down after 8000 dimensions, indicating that the ln u term is not so important for the energy beyond 35 digit accuracy. In contrast, the calculations with the initial function 0 new log continued to show very good performance even beyond 10 000 dimensions ͑35 digit accuracy͒. Figure 1 also shows the plot of the energies Schwartz reported in his paper. 15 Since he also used the logarithm function in his basis set, the convergence behavior was so good until 10 000 dimensions. The fastest convergence ͑at least until 10 000 dimensions͒ was seen in Fig. 1 for the calculations with 0 new log . For example, comparing our result at iteration 17 ͑dimensions of 6139͒ with Schwartz's one at dimension of 6255, our result is about three digits better than his. However, in the range exceeding 10 000 dimensions, both of our calculations with 0 new log and 0 log 1 and Schwartz's calculations show slightly slower convergence. One possible reason would be the usage of only first-order logarithm function in the initial function. Actually, the originally proposed logarithm function included all orders of the logarithm term, [3] [4] [5] 
..͒, but we included only the first-order term. Another reason may be the usage of only a single exponent function. Although the logarithm singularity improves very short-range correlation, our wave function does not include the functions adequate for describing the very outer region of the atom. To improve this region, we might have to include more flexible multiple-functions.
In the free ICI method, the choice of the initial function 0 is very important since it determines the functional form of the complement functions of the free ICI wave function. The experience accumulated in the present calculations of the accurate wave functions of helium atom seems to show that the inclusion of the functions that reflect the physics of the system in the initial function 0 greatly improves the convergence speed to the exact solution of the SE.
E. Helium isoelectronic ions
Finally, we apply the best free ICI scheme established above to the calculations of accurate wave functions and energies of the helium isoelectronic ions from Z =1 ͑H − ͒ to Z =10 ͑Ne 8+ ͒. We use g S 1 and 0 new log given by Eqs. ͑14͒ and ͑24͒, respectively, as the best combination. The calculations were stopped at n =20 ͑dimension of 9682͒ except for the neutral helium atom explained above ͑n = 27 and dimension of 22 709͒. We note that at the same order ͑iteration͒, the free ICI wave functions of all isoelectronic atoms have the same functional form. All the complement functions are the same. After variational optimizations of the parameters contained, each wave function gains each unique character as each atom. The nonlinear parameter ␣ in the initial function 0 new log was fixed to the guess optimal value, ␣ = 0.4 for Z =1, ␣ = 2.2 for Z = 2, and ␣ = 1.3Z − 0.7 for Z = 3 -10. The parameter ␤ was fixed to unity. Table VI shows the summary of the calculated energies. For helium, the result is for n = 27 and the result for n =20 is seen in Table V The new logarithm-type initial functions are proven to show very good performance for ions ͑Z =3-10͒ as well as for the neutral helium atom ͑Z =2͒. For H − ͑Z =1͒, however, the logarithm function did not so drastically improve the convergent behavior, because H − is an anion and physically, the three-particle collision is not so important.
Finally, a rough technical note on a computer time is given, though our program is far from being tuned up on the computational speed. The timing was done for the results given in Table VI at n = 20 and M n = 9682 starting with g S 1 and 0 new log . As described in the last paragraph of Sec. III, our program consists of the three steps and the first step ͑gener-ating the complement functions of free ICI͒, second step ͑in-tegrations͒, and final step ͑diagonalization͒ took about 3 h, 2 days, and 1.5 days, respectively, with a single Intel͑R͒ Core2 Duo 2.8 GHz workstation. We used MAPLE in the second step, which means that this step can be substantially accelerated. Anyway, roughly 4 days are enough to get the world's best energy and analytical wave function of the helium isoelectronic ions.
V. CONCLUSION
In the history of accurate calculations of He atom, starting from the pioneering work of Hylleraas just three years after the birth of quantum mechanics, a lot of effort has been done to describe the wave function of this atom as accurately as possible. These were done mostly with intuition, using, for example, the necessary conditions that the exact wave function must satisfy, such as the two-particle and three-particle cusp conditions, etc., since there was no general theory for constructing the exact wave function of the SE. This approach was quite successful as proven from the monumental work of Schwartz. However, their experiences were difficult to generalize for solving the SE of general atoms and molecules.
In contrast to these studies, we performed the calculations based on the general theory of solving the SE in an analytical expansion form recently developed in our laboratory. Starting from the cleverly chosen 0 and using the effective g function, we can automatically generate, by free ICI method, a series of functions ͑called complement functions͒ that are guaranteed to construct the exact wave function when the order n is enough. By determining the parameters involved by the variational method, we could obtain the world's best results of helium and its isoelectronic ions. The present results indicate that by continuing the free ICI calculations systematically, we would be able to solve the SE to any desired accuracy.
We examined several different types of g and initial function 0 . The chemical and spectroscopic accuracies were easily achieved at a few iterations with the use of any set of these functions. However, to achieve extremely high accuracy, it was important to select these sets cleverly based on the physical insight. The sum-type g function showed better performance than the product-type one because the former generates more flexible functions than the latter. It was also very important to select 0 cleverly because it is the zeroth order wave function from which the Hamiltonian of the system constructs its own complement functions following the principle of the free ICI theory. The logarithm initial functions, in particular, the new logarithm function ln͑s + ␤u͒, showed quite good performance, admitting some necessary conditions of the SE such as two-particle and three-particle cusp conditions. Actually, compared with the other calculations, the most rapid convergence was obtained by the free ICI method with the new logarithmic initial function at least until 10 000. Using this initial function, we calculated the free ICI wave functions of helium and its isoelectronic ions and obtained the world's best results in the published literature. It is interesting to note that the free ICI wave functions of helium and its isoelectronic ions consisted of the same complement functions when the order n is the same, except for the values of the parameters, ␣, etc., involved. This is generally true for the wave functions of a series of atoms having the same number of electrons as long as the initial function and the scaling function are the same.
The experience obtained here for accurate calculations of helium and its isoelectronic ions may be generalized in the free ICI calculations of more general atoms and molecules. The free ICI method itself and the algorithm of the calculations are not limited to the helium atom alone but they are applicable and extendable to general atoms and molecules. Actually, we used the same method for calculations of accurate wave functions of hydrogen molecule 23 and three to five electron atoms. 30 For more general atoms and molecules, however, analytic integrations over the free ICI complement functions would become difficult. For such cases, we have developed a method, called local Schrödinger equation method and applied it successfully to several atoms and molecules. These results will be published elsewhere in the literature.
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